Abstract. We define két abelian schemes, két 1-motives, and két log 1-motives, and formulate duality theory for these objects. Then we show that tamely ramified strict 1-motives over a complete discrete valuation field can be extended to két log 1-motives over the corresponding discrete valuation ring. As an application, we present a proof to a result of Kato stated in [Kat92, §4.3] without proof. 
strictly henselian local ring. Note that such a 1-motive, Y K and G K have good reduction automatically by the definition of log 1-motives from [KT03, 4.6 .1].
For us, a log 1-motive is as defined in [KKN08, Def. 2.2], which is the more suitable one over a general base. We are going to show that a 1-motive M K = [Y K uK − − → G K ] with both Y K and G K having good reduction, can be extended to a unique log 1-motive M = [Y u − → G log ] over S. Hence a log 1-motive in the sense of [KT03, Def. 4.6 .1] is a log 1-motive in our sense. Taking T n (M ), we get an object of (fin/S) r with generic fiber T n (M K ). This gives an alternative proof to [BCC04, Thm. 19] . Moreover, if we replace log 1-motive by két log 1-motive (see Definition 2.6), we can generalize the result to tamely ramified strict 1-motives over K, see the theorem below. Here a strict 1-motive M K = [Y K uK − − → G K ] is said to be tamely ramified, if both Y K and G K have good reduction after a tamely ramified extension of K. The main player of this article is of course két log 1-motives which are defined in Section 2. In fact, we define két tori, két lattice, két abelian schemes, két 1-motives, and két log 1-motives, and formulate duality theory for these objects. The highlight is the following special case of Theorem 1.1, which gives rise to a concrete non-trivial example of két abelian scheme. Theorem 1.2 (See also Theorem 3.2). Let K be a complete discrete valuation field with ring of integers R, and B K a tamely ramified abelian variety over K. We endow S := Spec R with the canonical log structure, then B K extends to a két abelian scheme B over S.
Section 3 is devoted to the proof of Theorem 1.1. In Section 4, for a tamely ramified strict 1-motive M K as in Theorem 1.1, we associate a logarithmic monodromy pairing to M and compare it with Raynaud's geometric monodromy for M K .
In Section 5, as an application of Theorem 1.1, we present a proof to the following theorem (see also Theorem 5.2) which is stated in the preprint [Kat92, §4.3] without proof. Theorem 1.3 (Kato) . Let K be a complete discrete valuation field with ring of integers R, p a prime number, and A K a tamely ramified abelian variety over K. We endow S := Spec R with the canonical log structure. Then the p-divisible group A K [p ∞ ] of A K extends to a két log p-divisible group, i.e. an object of (p-div/S) loǵ e (see Definition 5.2). It extends to an object of (p-div/S) log d (see Definition 5.2) if any of the following two conditions is satisfied.
(1) A K has semi-stable reduction.
(2) p is invertible in R.
2. Két log 1-motives 2.1. Két log 1-motives. The following definitions about log 1-motives are taken from [KKN08, §2] .
Definition 2.1. Let S be an fs log scheme, T a torus over the underlying scheme of S with its character group X. The log augmentation of T , denoted as T log , is the sheaf of abelian groups Hom Sé t (X, G m,log ) on (fs/S)é t . Let G be an extension of an abelian scheme B by T over the underlying scheme of S. The logarithmic augmentation of G, denoted as G log , is the pushout of G along the inclusion T ֒→ T log . Definition 2.2. A log 1-motive over an fs log scheme S is a two-term complex M = [Y u − → G log ] in the category of sheaves of abelian groups on (fs/S)é t , with the degree −1 term Y anétale locally constant sheaf of finitely generated free abelian groups and the degree 0 term G log as above. We also call Y the lattice part of M .
By [Zha17, Prop. 2.1], one can replace (fs/S)é t by (fs/S) két in the above definitions. In particular, T log and G log are sheaves on (fs/S) két . Now we define két 1-motives and két log 1-motives, and we work with (fs/S) két .
Definition 2.3. A két (kummerétale) lattice (resp. két torus, resp. két abelian scheme) over an fs log scheme S is a sheaf F of abelian groups on (fs/S) két such that the pull-back of F to S ′ is a lattice (resp. torus, resp. abelian scheme) over S ′ for some Kummerétale cover S ′ of S. Here by a lattice, we mean a group scheme which isétale locally representable by a finite rank free abelian group.
Definition 2.4. Let S be an fs log scheme. A két 1-motive over S is a two-term complex M = [Y u − → G] in the category of sheaves of abelian groups on (fs/S) két , such that the degree −1 term Y is a két lattice and the degree 0 term G is an extension of a két abelian scheme B by a két torus T .
Lemma 2.1. Let S be an fs log scheme. Then the associations
define an equivalence between the category of két tori over S and the category of két locally constant sheaves of finitely generated free abelian groups over S. We still call the két lattice Hom S két (T, G m ) the character group of the két torus T .
Proof. This follows from the classical equivalence between the category of tori and the category ofétale locally constant sheaves of finitely generated free abelian groups.
Definition 2.5. Given a két torus T over S, let X := Hom S két (T, G m ) be the character group of T . The logarithmic augmentation of T , denoted as T log , is the sheaf of abelian groups
on (fs/S) két . Let G be an extension of a két abelian scheme B by T over S. The logarithmic augmentation of G, denoted as G log , is the push-out of G along the inclusion T ֒→ T log .
Note that the quotient (G log /G) S két is canonically identified with the quotient (T log /T ) S két , which can be further identified with Hom S két (X, (G m,log /G m ) S két ). Definition 2.6. A két log 1-motive over an fs log scheme S is a 2-term complex M = [Y u − → G log ] of sheaves of abelian groups on (fs/S) két such that Y is a két lattice over S and G is an extension of a két abelian scheme B by a két torus over S. The composition
corresponds to a pairing
We call this pairing the monodromy pairing of M .
Proposition 2.1. Let G be an extension of a két abelian scheme B by a két torus T over an fs log scheme S. Then G is Kummerétale locally an extension of an abelian scheme by a torus.
Proof. Without loss of generality, we may assume that B (resp. T ) is an abelian scheme (resp. torus) over S. Let ε : (fs/S) két → (fs/S)é t be the forgetful map between these two sites. The spectral sequence
gives rise to an exact sequence
By this short exact sequence, it suffices to show that Hom Sé t (B, R 1 ε * T ) = 0. We may assume that T = (G m ) r . Then we get
by the similar argument as in the proof of [KKN08, Lem. 6.1.1]. This finishes the proof.
Remark 2.1. For an abelian scheme B and a torus T over S, the same argument as in the proof of Proposition 2.1 shows that Ext
2.2. Két log 1-motives in the Kummer flat topology. In this subsection, we assume that the underlying scheme of the base S is locally noetherian. We show that a két log 1-motive can be regarded as a 2-term complex in the category of sheaves for the Kummer flat topology.
Lemma 2.2. Let S be an fs log scheme, and let F be a sheaf of abelian groups on (fs/S) két such that F × S S ′ is representable by an fs log scheme for some Kummeŕ etale cover S ′ of S. Then F is also a sheaf for the Kummer flat topology. In particular, két lattices, két tori, and két abelian schemes over S are sheaves for the Kummer flat topology.
Proof. It suffices to prove that, for any U ∈ (fs/S) and any Kummer flat cover {U i } i∈I of U , the canonical sequence
with exact columns. Since F × S S ′ is representable by an fs log scheme, so is F × S S ′′ . By [KKN15, Thm. 5.2], both F × S S ′ and F × S S ′′ are sheaves for the Kummer flat topology. It follows that the second row and the third row are both exact. Therefore the first row is also exact. This finishes the proof.
Corollary 2.1. Let S be an fs log scheme, and let G be an extension of a két abelian scheme B by a két torus T over S. Then the logarithmic augmentation G log of G defined in Definition 2.5 is a sheaf for the Kummer flat topology.
Proof. Since G m,log is a sheaf for the Kummer flat topology by [Kat19, Thm. 3 .2] and X is a sheaf for the Kummer flat topology by Lemma 2.2, so is T log = Hom S két (X, G m,log ). Let δ : (fs/S) kfl → (fs/S) két be the forgetful map between these two sites. The adjunction (δ * , δ * ) gives rise to the following commutative diagram 0
with exact rows. The left vertical identification comes from T log being a sheaves for the Kummer flat topology. The right identification follows from Lemma 2.2. Since T log is Kummerétale locally of the form G r m,log , we get R 1 δ * T log = 0 by Kato's logarithmic Hilbert 90, see [Kat19, §5] . Therefore the canonical map G log → δ * δ * G log is an isomorphism, i.e. G log is also a sheaf for the Kummer flat topology.
2.3. Duality. In this subsection, we assume that the underlying scheme of the base S is locally noetherian. We formulate the duality theory for két abelian schemes, két 1-motives, and két log 1-motives respectively.
Let B be an abelian scheme over a base scheme S, the dual abelian scheme B ∨ can be described as Ext
We are going to use this description to define the dual of a given két abelian scheme.
Theorem 2.1. Let S be an fs log scheme. For any két abelian scheme B over S, we denote
Then we have the following.
(1) The sheaf B ∨ is a két abelian scheme over S.
(2) There exists a functorial isomorphism ι :
Proof. For part (1), we may assume that B is actually an abelian scheme. Let ε fl : (fs/S) kfl → (fs/S) fl be the forgetful map between these two sites. Let F 1 (resp. F 2 ) be a sheaf on (fs/S) fl (resp. (fs/S) kfl ), then we have
Let θ be the functor sending F 2 to ε fl * Hom S kfl (ε * fl F 1 , F 2 ) = Hom S fl (F 1 , ε fl * F 2 ), then we get two Grothendieck spectral sequences
These two spectral sequences give two exact sequences
therefore we get an exact sequence
We also have
by the similar argument as in the proof of [KKN08, Lem. 6.1.1], it follows that
By the Weil-Barsotti formula, the sheaf Ext
is representable by the dual abelian scheme of B. This finishes the proof of part (1). Now we prove part (2). By [sga72, Exp. VIII, 3.2.1], we have
By [sga72, Exp. VIII, 1.1.1, 1.1.4], we get
∨ be the homomorphism corresponding to 1 B ∨ under the above identification. Note that ι is the isomorphism giving the duality in the case that B is actually an abelian scheme. Since B is Kummerétale locally an abelian scheme, ι is Kummerétale locally an isomorphism. It follows that ι is also an isomorphism over S.
Definition 2.7. Let S be an fs log scheme, and B a két abelian scheme over S. In view of Theorem 2.1, we call
Remark 2.2. In view of (2.1), one can also define the dual of B in the flat topology. Now let S be an fs log scheme, and let M = [Y u − → G] be a két 1-motive over S, where G is an extension 0 → T → G → B → 0 of a két abelian scheme B by a két torus T on (fs/S) kfl . For any element χ ∈ X := Hom S kfl (T, G m ), the push-out of the short exact sequence 0 → T → G → B → 0 along χ gives rise to an element of
where the horizontal isomorphisms come from 
with respect to the commutative diagram (2.2). The section s of v * G corresponds to a section of the biextension (v, v ∨ ) * P of (Y, X) by G m , which we still denote by s by abuse of notation. Therefore we get an equivalent description of the két 
Definition 2.8. We call the két 1-motive
Now we formulate the duality theory for két log 1-motives, which is analogous to the case of két 1-motives.
be a két log 1-motive over S, where G is an extension 0 → T → G → B → 0 of a két abelian scheme B by a két torus T on (fs/S) kfl . For any element χ ∈ X := Hom S kfl (T, G m ), the push-out of the short exact sequence 0 → T → G → B → 0 along χ gives rise to an element of
, where the horizontal isomorphism comes from There is an obvious map from the diagram (2.2) to the diagram (2.5). Let P log be the push-out of
We have the following mapping diagram
with respect to the commutative diagram (2.5). The section s of v * G log corresponds to a section of the biextension (v, v ∨ ) * P log of (Y, X) by G m,log , which we still denote by s by abuse of notation. Therefore we get an equivalent description of the két log 1-
The description (2.6) is symmetric. If we switch the roll of Y and X, v and v ∨ , B and B ∨ , we get
Definition 2.9. We call the két log 1-motive
3. Extending tamely ramified strict 1-motives into két log 1-motives From now on, R is a complete discrete valuation ring with fraction field K, residue field k, and a chosen uniformizer π, S = Spec R, and we endow S with the log structure associated to N → R, 1 → π. Let s (resp. η) be the closed (resp. generic) point of S, we denote by i : s ֒→ S (resp. j : η ֒→ S) the closed (resp. open) immersion of s (resp. η) into S. We endow s with the induced log structure from S.
The main goal is to prove the following theorem.
be a tamely ramified strict 1-motive over K with G K an extension of an abelian variety B K by a torus T K . Then M K extends to a két log 1-motive M log over S.
Before going to the proof of the above theorem, we treat some special cases in the first few subsections.
Extending tamely ramified lattices into két lattices.
Proposition 3.1. Let Y K be a lattice over K, i.e. a group scheme over K which isétale locally representable by a finite rank free abelian group. Assume that Y K is tamely ramified, then Y K extends to a két lattice Y over S.
Proof. Let K ′ be a tamely ramified finite Galois field extension of K such that Y K × K K ′ is unramified. If necessary, by enlarging K ′ by a further unramified extension, we may assume that
We endow S ′ := Spec R ′ with the log structure associated to N → R ′ , 1 → π ′ . Then S ′ is a finite Kummerétale Galois cover of S with Galois group Gal(K ′ /K). Therefore Y K extends to a Kummerétale locally constant sheaf Y on S. This finishes the proof.
Extending tamely ramified tori into két tori.
Proposition 3.2. Let T K be a torus over K. Assume that T K is tamely ramified, i.e. there exists a tamely ramified finite field extension
′ has good reduction. Then T K extends to a két torus T over S.
be the character group of T K . Then X K is tamely ramified. Hence X K extends to a két lattice over S. It follows that T := Hom S két (X, G m ) is a két torus over S which extends T K .
3.3. Extending tamely ramified abelian varieties into két abelian schemes. Let B K be a tamely ramified abelian variety over K, and let K ′ be a tamely ramified finite Galois field extension of K such that B K ′ := B K × K K ′ has good reduction. Let R ′ be the integral closure of R in K ′ , then B K ′ extends to an abelian scheme B ′ over S ′ := Spec R ′ . Let π ′ be a uniformizer of R ′ , and we endow S ′ with the log structure associated to 
Lemma 3.1. The morphism Φ is an isomorphism with inverse
for any U ∈ (fs/S), any (a, b) ∈ (B ′ × S ′ B ′ )(U ), and any γ ∈ Γ.
Proof. Clearly Φ and Ψ are inverse to each other.
Lemma 3.2. The canonical morphism
is a monomorphism of sheaves on (fs/S) két .
Proof. The composition
is identified with the morphism 1 Γ × ∆ B ′ /S ′ , where ι denotes the morphism switching the two factors. Therefore the result follows.
By [Sta19, Tag 0234], the actionρ defines a groupoid scheme over S, hence by [Sta19, Tag 0232] the morphism
is a pre-equivalent relation. Moreover, (ρ, pr 2 ) is an equivalent relation by Lemma 3.2. The morphism (ρ, pr 2 ) :
being an isomorphism is clearly an equivalent relation. Now we are following [Sta19, Tag 02VE] to construct a két abelian scheme over S. We remark that although the setting-up there does not agree with ours, but the proofs there work verbatim in our case.
Following the approach of [Sta19, Tag 02VG], we take the quotient sheaves for the equivalence relations (ρ, pr 2 ) and (ρ, pr 2 ) on the site (fs/S) két . Since (ρ, pr 2 ) is an isomorphism, the corresponding quotient sheaf is representable by the initial object S. Let B be the quotient sheaf for equivalence relation (ρ, pr 2 ). Since the two equivalence relations are compatible, we get a morphism B → S. respectively, hence B is a két abelian scheme over S.
To conclude, we get the following theorem.
Theorem 3.2. Let B K be a tamely ramified abelian variety over K. Then B K extends to a két abelian scheme B over S. The association gives rise to a functor
from the category of tamely ramified abelian varieties over K to the category of két abelian schemes over S.
It is natural to investigate if the functor Két is compatible with the dualities on both sides. Proposition 3.3. The functor Két : TameAb K → KétAb S is compatible with the dualities, i.e. we have a canonical identification
Proof. Let S ′ , Γ, B ′ , and B be as in (3.3) and (3.4), then B = Két(B K ). By (3.4), we have
It follows that B ∨ = Ext 
where s K is a bilinear map. Note that s K corresponds to a unique section
where E K denotes the pull-back of the Weil biextension P K of B K and its dual B
′ be a finite tamely ramified Galois extension of K such that B K extends to an abelian scheme B ′ over S ′ := Spec R ′ , Y K extends to a constant group scheme over S ′ , and T K extends to a split torus over S ′ , where
e with e the ramification index of the extension K ′ /K, and we endow S ′ with the log structure associated to N → R ′ , 1 → π ′ . Then S ′ is a finite Galois Kummerétale cover of S with Galois group Γ := Gal(K ′ /K). Let Y (resp. X) be the két lattice over S extending Y K (resp. X K ) as constructed in Subsection 3.1, then Y (resp. X) can be regarded as a Γ-module. Let T be the két torus over S extending T K as constructed in Subsection 3.2. Note that T is nothing but Hom S két (X, G m ). Let B (resp. B ∨ ) be the két abelian scheme extending B K (resp. B ∨ K ) as constructed in Subsection 3.3, and let P be the Weil biextension of (B, B ∨ ) by G m .
Proof. We only treat the case of v K , the other one can be done in the same way. We have B × S S ′ = B ′ by (3.4). Therefore
Since Y is equivalent to a Γ-module, we get
It follows that v K extends to a unique homomorphism v : Y → B.
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By Lemma 3.3, we get a map v × v ∨ : Y × S X → B × S B ∨ . Let P log be the push-out of P along the inclusion G m ֒→ G m,log , we get the following diagram
over S. The dotted arrow in (3.7) means that it is only a map over Spec K. The restriction of (3.7) to Spec K is clearly just the diagram (3.5).
Lemma 3.4. The bilinear map s K from (3.5) extends uniquely to a bilinear map s log : Y × S X → P log making the diagram (3.7) commutative.
Proof. Let E be the pull-back of P long the map v × v ∨ on (fs/S) kfl , and let E log be the push-out of E along the canonical map G m ֒→ G m,log on (fs/S) kfl . Since both Y and X are Kummerétale locally representable by a finitely generated free abelian group, we have
by [sga72, Exp. VII, 3.6.5]. Therefore E (resp. E log ) can be regarded as an element of Ext
, and E log is still the push-out of E under these identifications. Similarly, E K := E × S Spec K can be regarded as an element of Ext
Note that both E and E log over S restrict to E K over K. The extensions E, E log , and E K , give rise to exact sequences
respectively. Clearly we have 
The exact sequences (3.8), (3.9), and (3.10) fit into the following commutative diagram (3.11)
with exact rows, where Z and Z K denote Y ⊗ X and Y K ⊗ X K respectively. Since Y and X become constant over S ′ , the map
is also an isomorphism. Therefore the restriction map
is an isomorphism. We regard E K as an extension of
. This induced section is clearly Gal(S ′ /S)-equivariant, therefore gives rise to a section (3.12) t log : Y ⊗ X → E log to the extension E log of Y ⊗ X by G m,log . The homomorphism t log is automatically also a section to the corresponding biextension E log of (Y, X) by G m,log . Note that E log is also the pull-back of P log along v × v ∨ , and t log gives rise to a bilinear map s log : Y × S X → P log which extends s K . Clearly we have the following commutative diagram
This finishes the proof. Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. Recall that T = Hom S (X, G m ), and let T log := Hom S (X, G m,log ). We have the following two commutative diagrams
, where the horizontal maps being isomorphisms comes from
with the help of [sga72, Exp. VIII, 1.
, then the section s log of E log gives rise to a homomorphism u log : Y → G log fitting into the following commutative diagram
of sheaves of abelian groups on (fs/S) kfl . This gives a two-term complex
Since both X and Y are representable by a finitely generated free abelian group over S ′ , we have that G × S S ′ is an extension of the abelian scheme B × S S ′ by the torus T × S S ′ on (fs/S ′ )é t by Remark 2.1 and
Corollary 3.1. Let the notation and the assumptions be as in Theorem 3.1. We further assume that both Y K and G K have good reduction. Then the két log
Proof. Since both Y K and G K have good reduction, both X and Y areétale locally representable by a finitely generated free abelian group over S. Therefore G is an extension of the abelian scheme B by the torus T on (fs/S) kfl . By Remark 2.1, G comes from an extension on (fs/S)é t . It follows that Y u log −−→ G log is a log 1-motive over S.
Remark 3.1. Corollary 3.1 shows that a log 1-motive in the sense of [KT03, 4.6.1] extends uniquely to a log 1-motive in our sense (i.e. in the sense of [KKN08, Defn. 2.2]).
Monodromy
In this section, we construct a pairing for a tamely ramified strict 1-motive M K over a complete discrete valuation field via the két log 1-motive M log associated to M K . We compare it with the geometric monodromy pairing from [Ray94, 4.3].
4.1. Logarithmic monodromy pairing. We adopt the notation from last section. Consider the following push-out diagram
where t log is the section (3.12). Then the section t log induces a linear map
which corresponds to a bilinear map
This pairing is nothing but the monodromy pairing (2.6) for the két log 1-motive M log .
Definition 4.1. We call the pairing (4.2) the logarithmic monodromy pairing of the tamely ramified strict 1-motive M K .
Proposition 4.1. Let the assumption and the notation be as in Theorem 3.1 and its proof. The monodromy pairing (4.2) vanishes if and only if the section t log is induced from a section t :
When such a section t exists, it corresponds to a section s : Y × S X → P which further corresponds to a map u : Y → G. The map s and u extend the diagrams (3.13) and (3.14) to the commutative diagrams
respectively. Therefore the given 1-motive M K extends to a unique két 1-motive
Proof. By the construction the monodromy pairing, its vanishing is clearly equivalent to t log being induced from a section t : Y ⊗ S X → E of E. The proof of the rest is similar to the proof of Theorem 3.1.
Proposition 4.2. Let M K be a tamely ramified strict 1-motive over K, and 
In other words, the monodromy pairing of M K satisfies the assumption of Proposition 4.2 in this case.
The construction of the decomposition u log = u log 1,π + u log 2,π involves the chosen uniformizer π. Next we look for a decomposition u log = u log 1 + u log 2 independent of the choice of a uniformizer, such that (4.5) u log 1 is induced by some map u 1 : Y → G and u log 2 factors through T log ֒→ G log .
Proposition 4.3. Let M K be a tamely ramified strict 1-motive over K, and
the két log 1-motive associated to M K . The decompositions u log = u log 1 + u log 2 satisfying the condition (4.5) correspond canonically to the trivializations t : Y ⊗ X → E of the extension E from (4.1). Then the homomorphism u log 2 corresponds to the difference homomorphism t log − t, where t log is as in (4.1).
Proof. Given a decomposition u log = u log 1 +u log 2 satisfying the condition (4.5), the map u 1 associated to u log 1 gives rise to a section t : Y ⊗ X → E of E. Conversely, given a section t : Y ⊗ X → E of E, the decomposition t log = t + (t log − t) := t 1 + t 2 gives rise to a decomposition u log = u As before, let Z := Y ⊗ X. We abbreviate (G m,log /G m ) S kfl as G m,log . Applying the functor Hom S kfl (Z, −) to the short exact sequence
we get an exact sequence
Let µ log ∈ Hom S kfl (Z, G m,log ) be the element corresponding to the logarithmic monodromy pairing −, − of M K . Then the element E of Ext
is not empty, and its elements correspond to the choices of u log 2 .
Comparison with Raynaud's geometric monodromy. Since B and B
∨ become abelian schemes after base change to S ′ , P × S S ′ is the Weil biextension of the abelian schemes B × S S ′ and B ∨ × S S ′ , in particular
It follows that the extension E × S S ′ lies in the subgroup Ext
. Therefore the image of the map δ from
with exact rows. Then the pairing (4.2) induces a pairing
Proposition 4.4. The pairing (4.7) coincides with the geometric monodromy pairing µ :
Proof. The map t K in the diagram (4.6) induces a homomorphism
which gives rise to exactly the monodromy pairing from 5. Log finite group objects associated to két log 1-motives 5.1. Log finite group objects. Let S be a locally noetherian fs log scheme. Kato has developed a theory of log finite group objects, which is parallel to the theory of finite flat groups scheme in the non-log world. The main references are [Kat92] and [MS] .
Definition 5.1. The category (fin/S) c is the full subcategory of the category of sheaves of finite abelian groups over (fs/S) kfl consisting of objects which are representable by a classical finite flat group scheme over S. Here classical means the log structure of the representing log scheme is the one induced from S.
The category (fin/S) f is the full subcategory of the category of sheaves of finite abelian groups over (fs/S) kfl consisting of objects which are representable by a classical finite flat group scheme over a kummer flat cover of S. For F ∈ (fin/S) f , let U → S be a log flat cover of S such that F U := F × S U ∈ (fin/U ) c , then the rank of F is defined to be the rank of F U over U .
The category (fin/S)é is the full subcategory of (fin/S) f consisting of objects which are representable by a classical finite flat group scheme over a kummerétale cover of S.
The category (fin/S) r is the full subcategory of (fin/S) f consisting of objects which are representable by a log scheme over S.
Let F ∈ (fin/S) f , the Cartier dual of F is the sheaf F * := Hom S kfl (F, G m ). By the definition of (fin/S) f , it is clear that F * ∈ (fin/S) f . The category (fin/S) d is the full subcategory of (fin/S) r consisting of objects whose Cartier dual also lies in (fin/S) r . Definition 5.2. Let p be a prime number. A log p-divisible group (resp. két log p-divisible group, resp. kfl log p-divisible group) over S is a sheaf of abelian groups G on (fs/S) kfl satisfying:
(1) G = n≥0 G n with G n := ker(p n : G → G); (2) p : G → G is surjective; (3) G n ∈ (fin/S) r (resp. G n ∈ (fin/S)é, resp. G n ∈ (fin/S) f ) for any n > 0.
We denote the category of log p-divisible groups (resp. két log p-divisible groups, resp. kfl log p-divisible groups) over S by (p-div/S) log (resp. (p-div/S) loǵ e , resp. (p-div/S) log f ). The full subcategory of (p-div/S) log consisting of objects G with G 1 ∈ (fin/S) d for n > 0 will be denoted by (p-div/S) log d . A log p-divisible group G with G n ∈ (fin/S) c for n > 0 is clearly just a classical p-divisible group, and we denote the full subcategory of (p-div/S) log is a log 1-motive, then T n (M log ) ∈ (fin/S) d .
Proof. For part (1), by [Ray94, §3.1], it suffices to show that the multiplication by n is injective on Y and surjective on G log for the Kummer flat topology. The injectivity of the map Y n − → Y is trivial. We are reduced to show the surjectivity of the map G log n − → G log . Without loss of generality, we may assume that M log is a log 1-motive. Let G be an extension of an abelian scheme B by a torus T over S. Consider the following commutative diagram
with exact rows. The multiplication by n is clearly surjective on B, and the surjectivity of the multiplication by n on T log follows from the surjectivity of G m,log n − → G m,log . It follows that G log n − → G log is surjective. For part (2), we may still assume that M log is a log 1-motive. We have a short exact sequence 0 → T log [n] → G log [n] → B[n] → 0. Let X be the character group of T , then we get an exact sequence 0 → T → T log → Hom S kfl (X, G m,log /G m ) → 0.
Since G m,log /G m is torsion-free, we get T [n] = T log [n]. Then we get a short exact sequence 0 → T [n] → G log [n] → B[n] → 0. Therefore G log [n] ∈ (fin/S) r by Proposition 5.1. Applying Proposition 5.1 again to the short exact sequence
we get T n (M log ) ∈ (fin/S) r .
Part (3) is clearly true for the two két log 1-motives [Y → 0] and [0 → G log ]. It follows that it also holds for M log . At last, we prove part (4). By the proof of part (2) we get T n (M log ) ∈ (fin/S) r . Similarly, we have T n (M log ) * = T n ((M log ) ∨ ) ∈ (fin/S) r , where (M log ) ∨ denotes the dual of the log 1-motive M log . It follows that T n (M log ) ∈ (fin/S) d .
Definition 5.4. Let S be a locally noetherian fs log scheme,
a két log 1-motive over S, and p a prime number. The két log p-divisible group of M log is defined to be M log [p ∞ ] := n T p n (M log ).
5.3. Extending finite group schemes associated to tamely ramified strict 1-motives.
Theorem 5.1. Let the notation and the assumptions be as in Theorem 3.1, and let n be a positive integer. Then T n (M log ) lies in (fin/S)é, and it extends the finite group scheme T n (M K ) over K to S.
Proof. Since T n (M log )× S S ′ = T n (M log × S S ′ ) ∈ (fin/S) r and S ′ is a Kummeŕ etale cover of S, we get T n (M log ) ∈ (fin/S)é. Since M log × S Spec K = M K , we get
The following theorem is stated in [Kat92, §4.3] without proof. Here we present a proof.
